In this paper, we consider a kind of higher-order neutral equation with distributed delay and variable parameter:
Introduction
This paper is devoted to the application of Mawhin's continuation theorem to investigate the existence of periodic solutions for the following equation: In recent years, the existence of periodic solution for functional differential equations has been studied extensively (see [-] ). For example, in [] , the authors studied the following equation with a deviating argument:
x(t) -p(t)x(t -σ ) (n) + f x(t) x (t) + g

x (t) + f x(t) x (t) + g x t -τ t, x(t) = e(t).
(.)
Du et al.
[] studied the second-order neutral equation with variable parameter:
x(t) -c(t)x(t -τ ) + f x(t) x (t) + g x t -γ (t) = e(t).
(.) http://www.advancesindifferenceequations.com/content/2014/1/187
In [], the authors proved for the first time the lemma (Lemma .) for the existence of A -
with (Ax)(t) = x(t) -c(t)x(t -τ ) and some properties of A - when c(t)
is not a constant.
Then they established sufficient conditions for the existence of periodic solutions of (.) by using Mawhin's theorem. In [], Wang and Lu discussed a kind of high-order neutral functional differential equation with distributed delay:
with |c| =  a constant. However, there are several errors in the proof of Theorems . and . of [] . The main purpose of this paper is to improve the results of [] and modify the errors. Meanwhile, the problem considered in paper [] is generalized to the higherorder case in our work. Moreover, two examples are given to demonstrate our results.
Related lemmas
For convenience we denote T] |p(t)|, and define the spaces
with the norm |x|  = max t∈ [,T] |x(t)| and
with the norm x = max{|x|  , |x |  }. Clearly, C T and C  T are all Banach spaces. Define a linear operator A :
Let X and Y be real Banach spaces and L : dom L ⊂ X → Y be a Fredholm operator with index zero, i.e., Im L is closed and dim ker L = codim Im L < ∞. If L is a Fredholm operator with index zero, then there exist continuous projections P : 
and the nonlinear operator
where
It is easy to see that
where (Ax) (i) (), i = , , . . . , n -, are defined by the equation CX = B; here
It follows from Lemma ., the definition of N , Q, K P , and the continuity of f , g, q that N is L-compact.
Main results
Theorem . Suppose n is an even integer and
Proof Without loss of generality, we may assume that x · (g(x) -q) > , when |x| > M. Now, we will complete the proof by three steps.
Step
Integrating both sides of (.) on [, T], we have
By the integral mean value theorem, there exists a constant ξ ∈ (, T) such that g( 
Multiplying both sides of (.) by x(t) and integrating them over [, T] , one gets
By the Hölder inequality and (.), we have
In view of (H) and the properties of the bounded variation function, ∀ε > , there exists a constant ρ > M such that Hence,
By (.) and (.), we get
Thus,
In view of
Then
Step . Let  = {x ∈ ker L : Nx ∈ Im L}. Then for x ∈  , x(t) = cω(t), c ∈ R, and Nx ∈ Im L = ker Q, that is,
Repeating the process of Step , we see that  is bounded, that is, there exists M  >  such that x ≤ M  for x ∈  . http://www.advancesindifferenceequations.com/content/2014/1/187
Step  and Step , conditions (i) and (ii) in Lemma . are all satisfied. Next, we will show that (iii) of Lemma . holds.
Set the isomorphism
Hence, by the homotopy invariance of the Brouwer degree, we obtain
Applying Lemma ., we reach the conclusion. Proof Without loss of generality, we assume that x · (g(x) -q) > , when |x| > M. As in the proof of Theorem ., define the set  , for x ∈  , λ ∈ (, ), (.) can be obtained. Multiplying both sides of (.) by x (t) and integrating them over [, T] , we obtain
by the Hölder inequality and (.), (.) in the proof of Theorem ., one gets
Since the condition (.) holds, 
Examples
As an application, we list the following examples. http://www.advancesindifferenceequations.com/content/2014/1/187
Example . Consider Therefore, Theorem . implies that (.) has at least one π -periodic solution. It is easy to see that x(t) = sin t is such a solution.
